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$\mathrm{R}.\mathrm{G}$ . Littlejohn M. Reinsch $8$ )
$\circ$










$m_{1},$ $m_{2},$ $\cdots,$ $m_{n}$
$x=(x_{1}, x_{2}, \cdots , x_{n})$
$X$




$F_{x}=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{X1, X2, , . , , X_{n}\}$
$\dim F_{x}=1_{\text{ }}$
$\dim F_{x}=2_{\text{ }}$ $\dim F_{x}=3$
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$\dim F_{x}=1$
$\dim F_{x}\geq 2$ (1)
$\dim F_{x}\geq 2$
$\dot{X}$ $SO(3)$ $\mathit{9}\in SO(3)$ $x\in\dot{X}$
$\Phi_{g}(x)=gx=(gx1, gX_{2,\cdots,gn}X)$ (2)
$SO(3)$ $\sum_{\alpha=1}^{n}m_{\alpha\alpha}X=0$ $\Sigma_{\alpha=1}^{n}m_{\alpha}gx\alpha=0$
$\dim F_{x}\geq 2$ $\Phi_{g}$
$M:=\dot{X}/SO(3)$
$\dot{X}$ $M$ $SO(3)$





$(r, s)\in X$ $r$ $s$ 1 $\dim F_{x}\geq 2$
$r\cross s\neq 0$ $(r, s)\in\dot{X}$ $\mathrm{R}^{3}$
$\dot{X}arrow \mathrm{R}_{+}^{3}=\{(x, y, z)\in \mathrm{R}^{3} ; z>0\}$
$(r, s)\vdasharrow(|r|^{2}-|S|^{2},2r\cdot s, 2|r\cross s|)$








$2$ ), $6$ ), $7$ )
$\Sigma_{\alpha=1}^{n}m_{\alpha^{X}}$ $\mathrm{x}dx_{\alpha}=0$




2 $e_{1^{-}}e_{2}$ $+e_{2}$ 3 $\mathrm{R}^{3}$
( $+e_{3}$ )
$q\in U$ $-$
$\sigma(q)=(\sigma_{1}(q), \sigma_{2}(q),$ $\cdots,$ $\sigma n(q))$
$\sigma$ $U$
$\mathrm{R}^{3}$ $\sigma(q)$
( $U$ “ ” )
$x=g\sigma(q)$ , $g\in SO(3)$ , $q\in U$,
(3)
i.e. $(X_{1}, \cdots, X_{n})=(g\sigma_{1}(q), \cdots, g\sigma n(q))$
$\pi^{-1}(U)\cong U\mathrm{x}so(3)$
$U$ $(q^{i}),$ $i=1,$ $\ldots,$ $3n-6$








1 $\Theta$ $R(a)x=a\cross x$
$dx_{\alpha}$
$dx_{\alpha}=g( \Theta \mathrm{X}\sigma_{\alpha})+g\sum_{i}\frac{\partial\sigma_{\alpha}}{\partial q^{i}}dqi$ (5)
$\sum_{\alpha=1}^{n}m_{\alpha^{X_{\alpha^{\cross d}\alpha}}}x$







$A_{x}(a)= \sum m_{O\alpha}\alpha=1X\cross(a\cross x_{\alpha})$ , $x\in\dot{X},$ $a\in \mathrm{R}^{3}$ (7)
(1)
$m_{i}= \sum_{1\alpha=}^{n}m_{\alpha}\sigma_{\alpha}\cross\frac{\partial\sigma_{\alpha}}{\partial q^{i}}$ (8)












$g(\mathrm{O})$ (11) 2 $g(t)$ $g(\mathrm{O})\sigma(q(\mathrm{O}))$
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$\dot{X}$ $x(t)–g(t)\sigma(q(t))$ $M$ $C:q(t),$ $0\leq t\leq L$
$(q(\mathrm{O})=q(L))$ –
( $g(\mathrm{O})\neq g(L)$ $x(0)\neq x(L)$ $g(L)=hg(\mathrm{O})$
$h\in SO(3)$
$(q(t))_{\text{ }}$ $(x(t)=g(t)\sigma(q(t)))_{\text{ }}$ $L$


















$ds^{2}= \sum_{\alpha=1}^{n}m_{\alpha}dx\alpha$ . $dX_{\alpha}$ (14)
(9) (5)







((15) 2 ) $ds^{2}$




$ds^{2}= \varpi\cdot A\sigma(q)(\varpi)+\sum_{i,j}a_{i}jdq^{i}dq^{j}$ (17)
$\varpi,$ $a_{ij}$
$\varpi=\Theta+\sum_{i}A_{\sigma()}^{-}1(q)midq^{i}$ (18)









’ $dx_{\alpha}$ , $(x_{\alpha},p_{\alpha})\in T^{*}\dot{X}$ (21)
“ ”
$P_{i}= \sum_{=\alpha 1}^{n}p_{\alpha}\cdot g(\frac{\partial\sigma_{\alpha}}{\partial q^{i}}-A_{\sigma}^{-}(q)1(m_{i})\cross\sigma_{\alpha})$ (22)
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$\mathcal{H}=\sum_{i}P_{i}u-i\frac{1}{2}\sum_{i,j}aiju^{i}u^{j}$
$\partial \mathcal{H}/\partial u^{i}=0$ $u^{i}= \sum_{j}$ aij
$H= \frac{1}{2}\sum_{i,j}a^{\dot{\iota}\dot{g}}PiPj$ , $(a^{ij})=(a_{ij})^{-1}$ (23)







$\gamma=\sum_{\alpha=1}\sigma_{\alpha}\cross g^{-1}p\alpha$ ’ (25)




$dq^{i}$ $\partial H$ $dp_{i}$ $\partial H$
$dt-\partial p_{i}$









$\Theta^{a}$ (27) 1 2
(11) $u^{i}= \sum_{j}$ a
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5 Lagrange equations
$\mathrm{R}^{N}$ $W$ $.(\xi^{i})$ $(\xi^{i},\dot{\xi}^{j})$ $TW$
Lagrange
$\frac{d}{dt}\frac{\partial L}{\partial\dot{\xi}^{i}}-\frac{\partial L}{\partial\xi^{i}}=f_{i}$, $i=1,$ $\cdots,$ $N$ (28)
$(f_{i})$




$[X_{i}, x_{j}]=-k1 \sum_{=}\gamma_{ij}^{k}X_{k}$ (31)
$v^{i}= \sum_{j=1}B_{j}^{kj}\xi$ (32)
$TW$ $(\xi^{i}, \xi^{j})$ $(\xi^{i}, v^{j})$ ( $v^{i}=\dot{\pi}^{i}$











$v^{m+a}= \sum_{j=1}^{N}B^{m}+a\dot{\xi}j=0j$ , $a=1,$ $\cdots,$ $r,$ $N=m+r$ (34)
+a $=0$ , $a=1,$ $\cdots,$ $r$
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$F_{i}= \sum_{k=1}^{N}A_{i}k(\overline{f}_{k^{+}}a\sum_{=1}\lambda_{a}B_{k}m+a)=\overline{F}i+r.a\sum_{=1}^{r}\lambda_{ai}\delta^{m+a}$ , $\overline{F}_{i}:=\sum_{k=1}^{N}A_{i}k\overline{f}_{k}$ (35)
Lagrange
$[ \frac{d}{dt}\frac{\partial L^{*}}{\partial v^{i}}-x_{i}L^{*}-\sum^{N}\sum_{j=1=1}^{m}\gamma_{ij}v-k\dot{\mathrm{J}}_{\frac{\partial L^{*}}{\partial v^{k}}}\overline{F}ki]_{v}m+1=0=\ldots=v^{N}=0$
’ $i=1,$ $\cdots,$ $m$ , (36)
$\frac{d}{dt}\frac{\partial L^{*}}{\partial v^{m+a}}-Xm+aL^{*}-\sum_{k=1}^{\mathit{1}}\sum_{j=1}\gamma m+a,jv\mathrm{v}mkj\frac{\partial L^{*}}{\partial v^{k}}-\overline{F}_{m+}a\rfloor_{v^{m+0}}1=\ldots=v=N=\lambda_{a}$ , $a=1,$ $\cdots,$ $r$ ,
(37)
G $M$ $P$ $TP$ Lagrange
$P=\dot{X},$ $G=^{so}(3)$ $P$
$\pi^{-1}(U)\cong U\mathrm{x}G$ $(q, g)\in U\mathrm{x}G$ $U$
$M$ $G$ Lie $\mathcal{G}$ $E_{a},$ $a=1,$ $\cdots,$ $r=\dim \mathcal{G}$
$C_{bc}^{a}$




$F_{ij}^{c}= \frac{\partial\beta_{j}^{c}}{\partial q^{i}}-\frac{\partial\beta_{i}^{c}}{\partial q^{j}}-\sum_{ba,=1}^{r}c^{c}ab\beta_{i}^{a}\beta^{b}j$ (40)
$d \omega^{c}=\frac{1}{2}\sum_{a,b=1}^{r}C^{\mathrm{c}_{b}a}a\omega$ A $\omega^{b}\dotplus\frac{1}{2}\sum_{i,j}F^{C}ijdq^{i}$ A $dq^{j}$ (41)
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$U\cross G$ 1
$.\theta^{i}=dq^{i}$ , $\theta^{m+a}=\omega^{a}$ , $i=1,$ $\cdots,$ $m=\dim M,$ $a=1,$ $\cdots,$ $r=\dim \mathcal{G}$ (42)
$X_{i}= \partial_{i}^{*}:=\frac{\partial}{\partial q^{i}}-\sum_{a=1}\beta_{j}^{a_{J_{a}}}r$ , $X_{m+a}=J_{a}:= \frac{d}{dt}\exp(tE_{a})X|_{t=}0$ , $x\in P$ (43)
(30) $\gamma_{jk}^{i}$ (41)
$\gamma_{ij}^{m+a}=F_{ij}^{a}$ , $\gamma_{m+b,C}^{m+a}m+=C_{bc}^{a}$ , $\gamma_{jk}^{i}=0$
$\omega^{a}=0$ , $a=1,$ $\cdots,$ $r$ (44)
(36), (37)

















$0\leq\theta_{1}\leq 2\pi,$ $0\leq 2\emptyset\leq\pi,$ $0\leq\theta_{2}\leq 2\pi$
$\hat{e}_{j}=R(e_{j}),$ $j=1,2,3$ (3)
$(g_{1}, g_{2})=(h\sigma_{1}(\theta_{1}, \theta 2, \emptyset), h\sigma 2(\theta_{1}, \theta 2, \emptyset))$ , $h\in SO(3)$
$\sigma_{1}(\theta_{1}, \theta_{2}, \emptyset)=e-\emptyset^{e_{1}\theta_{1}e_{2}}e$ ,
$\emptyset\neq 0,$ $\pi/2$
$\sigma_{2}(\theta_{1}, \theta_{2}, \phi)=e1e\emptyset\hat{e}\theta_{2}\hat{e}_{2}$ ,
1 –
$e_{2}$ ( 1 )
$\theta_{1}$ $e_{1}$ \mbox{\boldmath $\phi$} 2


















$\omega=(d\chi+\frac{A\vee\cup \mathrm{b}(\mu uU}{\sin^{2}\phi+\lambda\cos^{2}\phi})\hat{e}_{2}$ (48)
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$\lambda$







$ds^{2}=2I_{1}[(1+ \kappa\sin^{2}\phi)d\phi 2+\frac{\lambda\sin^{2}\phi}{\sin^{2}\emptyset+\lambda\cos\emptyset 2}d\theta^{2}]$
$+2I_{1}[( \sin\phi 2.\lambda+\cos\emptyset 2)(dx+\frac{\lambda\cos\phi d\theta}{\sin^{22}\phi+\lambda\cos\phi})^{2}]$
(50)
2$I_{1}[(1+ \kappa\sin^{2}\phi)d\phi 2+\frac{\lambda\sin^{2}\phi}{\sin^{2}\emptyset+\lambda\cos\emptyset 2}d\theta^{2}]$ (51)
$I_{1}$




$P_{1}=p_{\phi}$ , $P_{2}=p_{\theta}- \frac{\lambda\cos\phi}{\sin^{2}\phi+\lambda\cos\phi 2}p\chi$
((22) )
((23) ) .







$(\xi^{i})=(\phi, \theta, \chi)$ 1
$X_{1}= \frac{\partial}{\partial\phi}$ , $X_{2}= \frac{\partial}{\partial\theta}-\frac{\lambda\cos\phi}{\sin^{2}\phi+\lambda\cos^{2}\phi}\frac{\partial}{\partial\chi}$ , $X_{3}= \frac{\partial}{\partial\chi}$ (53)
$\theta^{1}=d\phi$ , $\theta^{2}=d\theta$ , $\theta^{3}=d\chi+\frac{\lambda\cos\phi}{\sin^{2}\phi+\lambda\cos^{2}\phi}d\theta$ (54)

























$v^{3}=0$ $\partial L^{*}/\partial v^{3}=0$ $\text{ }$
$u_{1}(t),$ $u_{2}(t)$
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(a) $t=0$ (b) $t= \frac{\pi}{4}$ (c) $t= \frac{\pi}{2}$
(d) $t= \frac{3\pi}{4}$ (e) $t=\pi$ (f) $t= \frac{5\pi}{4}$
(g) $t= \frac{3\pi}{2}$ (h) $t= \frac{7\pi}{4}$ (i) $t=2\pi$
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